Abstract: In this article we prove an effective version of the classical Brauer's Theorem for integer class functions on finite groups.
Introduction
In this article we consider class functions on finite groups. Recall that a function on a group G is called a class function if ( −1 ) = ( ) for any ∈ G and hence the value of on the element depends only on the conjugacy class of . These functions appear naturally as characters of linear representations of G. In fact, the theory of complex linear representations of finite groups reduces completely to the study of characters of the representations ( [2] ). One of the basic results of the representation theory of finite groups is the so called Brauer's theorem ( [1, 3] and [4] ). It states that the characters of the representations of an arbitrary finite group G are linear combinations with integer coefficients of the characters induced from elementary subgroups. The latter are nilpotent groups which are direct products of a -group and a cyclic group. The characters of complex representations of elementary groups take values in the rings of integers of cyclotomic fields. They constitute a rather special subring of the ring of class functions with values in the ring of cyclotomic integers. In this article, we consider the ring of integer class functions instead of the ring of characters. We provide a simple and effective proof of a complete analogue of the Brauer's theorem for such functions. The main result is the following theorem: 
In particular, = 0 for any with = 0.
The theorem provides a simple and effective formula of representation of any integer class function on G as a sum of integer class functions induced from a precise set of elementary subgroups.
Remark 1.1.
This theorem should have been known to the founders of the subject. The proof of the result in this case is also constructive, much simpler and more straightforward than the classical proof of the Brauer's theorem which uses a similar line of arguments ( [1, 3] and [4] ).
Proof of the theorem
In this section we prove the theorem stated in the introduction.
Definition 2.1.
A function on a group G satisfying
is called a class function.
Thus the value of a class function on ∈ G depends only on the conjugacy class of .
Remark 2.1.
If χ is the character of a representation ρ of a group G, then χ is a class function on G.
Definition 2.2.
Let G be a group and H be a subgroup of G, = |H| and let be a class function on H. The function˜ on G defined by the formula˜
is said to be induced by and it is denoted by I G H ( ).
Definition 2.3.
A subgroup E of a group G is called -elementary if it is the product of a -group and a cyclic group.
Note that in the above definition the order of the cyclic group may be assumed prime to , since we can absorb the -part of a cyclic factor into the -group.
Definition 2.4.
Let G be a group and ∈ G. We define the class function δ G on G by the formula:
where C denotes the conjugacy class of .
Definition 2.5.
Let G be a group. G acts on itself by inner automorphisms. If ∈ G, the centralizer of in G, denoted C G ( ), is the stabilizer of under this action: 
Let G be a group, H a subgroup of G and ∈ H. Then
I G H (δ H ) = C G ( ) C H ( ) δ G
Proof. It follows immediately from the definitions that
(δ H ) is equal to |C G ( )/C H ( )| δ G .
Corollary 2.1.

Let G be a group and ∈ G. If the class function δ C G ( ) is a sum of integer functions induced from the elementary subgroups of C G ( ), then the class function δ G is a sum of integer functions induced from the same elementary subgroups contained in C G ( ) ⊂ G and with the same coefficients.
Proof. It suffices to apply Lemma 2.1 to the induced function
It therefore reduces the general case of δ G to the special case when is a central element of H = C G ( ).
Lemma 2.2.
Let G be a group, ∈ G and H = C G ( ). Then the class function δ H is a linear combination with integer coefficients of the class functions δ E , where E is the -elementary subgroup of H generated by a Sylow -subgroup S (H) of H and .
Proof. Clearly the group generated by the Sylow -subgroup S (H) of H and is an elementary subgroup of H since is central in H by assumption. On the other hand, the cyclic group is a direct product of Z and Z , where is coprime to and Z is a subgroup of S (H). Hence E is the direct product S (H) × Z . Therefore
by virtue of Lemma 2.1. The number |H/E | is coprime to since E contains S (H). Let be the set of all prime numbers which divide |H|. Then (|H/E |) ∈ = 1 and hence there exist integers such that
which completes the proof of the lemma.
Thus every class function δ G is induced from integer class functions on the the set of elementary subgroups of the centralizer H = C G ( ) described in Lemma 2.2. This result and the explicit formula above imply the theorem formulated in the introduction. Indeed, we have the following corollary to Lemma 2.2.
Corollary 2.2.
Let G be a group and ∈ G. Suppose that the order of is = and
where E is a -elementary subgroup of C G ( ) of order × . The integers satisfy the equation
Proof. This explicit formula follows immediately from Lemma 2.2.
Corollary 2.3.
Let G be a group and ∈ G. Suppose that the order of is = and N = |C G ( )/ | = . Then
where E is a -elementary subgroup of G of order × . The integers satisfy the equation
Proof. By virtue of Corollary 2.1,
Note that when = , divides |C G ( )/E | and hence the equality
implies that not all are equal to zero.
